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Abstract
Models of mathematical biology referred in the literature as Volterra-Lotka models of competing species defined by 
ordinary differential equations are considered in this paper for the construction of a model for analysing the mobile
telecommunications sector in Greece. Market size data from the three mobile telecommunication companies that operate
under licence of the Greek state for the period 1999-2011 are used. Parameter estimation is performed using non-linear 
least squares. The findings suggest that in the long-run only one company will remain in the market.
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1. Introduction
The mobile telecommunications sector in Greece is in operation for about twenty years and was one
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of the most dynamic sectors of the Greek economy, in the first fifteen years of its operation. Its growth rate 
during that period (1993-2008) was larger than the corresponding average growth rate in the European Union 
(E.U.). For this period, about 9% of the total growth of the economy was attributed to telecommunications
sector. It remains an important sector for the Greek economy despite the fact that during the last four years
(2009–2012) the growth rate plunged due to the deteriorated macro-economic environment coupled with the
fact that the sector has started to show signs of a mature sector; investments have freezed in the sector. In 
2011 59 thousand new job places were created, while it contributed to the inflation restrain since from 2004 to
2011 there has been a decrease in prices by 75% the EU average being 57%; in 2011 mobile
telecommunications prices were the lowest in the EU. All three companies, due to the continues downward
pressure in prices continuously introduce new pricing packages in order to capture a larger part of the
consumer surplus of the sector (Baye 2006, Shy 2001, 1995).
The sector consists of three companies: Vodafone, Cosmote and Wind. There was another firm in the
sector named Q-Telecom which also operated since 2002 but its market share was too small and it was
merged finally with Wind in 2006. The first mobile telecommunications licences were issued by the Greek 
State in 1992 to the firms Panafon S.A. (now Vodafone) and Stet Hellas S.A. (now Wind) for the operation of 
a GSM 900 network. Mobile phone services have started to be provided in Greece on 1st July, 1993. In 1995 a 
third licence was granted to the Cosmote S.A for the operation of a GSM 1800 network. The Greek mobile
telecommunications market had impressive growth rates reaching 138%. Today there is a coverage of 100%
of the populated area and it has made a contribution to the economic growth, competitiveness and to the
improvement of the quality of life (The Economist, 2009).
Source: Authors’ calculations and ICAP (2012)
Graph 1. Development of the market shares of the three mobile telecommunication companies in Greece
As shown in Graph 1 the largest share, with an increasing trend, of the market has Cosmote, an OTE
subsidiary (OTE is the largest formally state owned and now privatised telecommunication company in 
Greece). It has about half of total number of subscribers. Vodafone has about 27% of total number of 
connections, showing a stable market share during the last five years and Wind exhibits a diminishing market 
share having about one fifth of total number of subscribers. In 2001, Cosmote became the leader while
Vodafone was put in the second position, as first follower of the sector. Cosmote has started (1999) with a 
growth rate of market share of about 30% but sharply decreased to less than 7% in the period 2002-2007 due
to Vodafone’s offensive campaign which increased the advertising expenditure on average by approximately
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31% (Bragoudakis et.al, 2008). It is noted that Vodafone increased its advertising expenditure to 124.8% in 
2002 in order to become again the leader of the sector. However, the market share of Vodafone was decreased 
on the average by -3.5% (from -7% in 1999-2001 to -2% in 2002-2007). Respectively, the market share of 
Wind edged also down on average by the same percentage of -2.5% (from -4%% in 1999-2001 to 2% in 
2002-2007). On the contrary, the market share of Cosmote was increased on average by 6% (form 12% in 
1999-2001 to 2% in 2002-2007) which reveals strong intra-sector contestability. 
In the present work an attempt is made to develop a model to examine the evolution of the market 
shares (measured as the total number of subscribers) of the three mobile telecommunication companies. More 
specifically, data on mobile telecommunications subscribers has been used in order to explain the 
development and evolution of the market shares of the three rival companies for the period 1999-2011. The 
choice of this period was made because Cosmote, the largest company, has started offering services in the 
Greek market on 1998; there was a fourth company in operation in the sector, Q-Telecom, that operated from 
2002 to 2006, but its market share was too small and it was merged finally with Wind in 2006. Its share for 
these years is included in Wind. The evolution of market shares reflects the influence of all the companies’ 
pricing policies over the subscribers while the accurate prediction of the market shares is of a high interest to 
managers for taking decisions regarding investment plans to meet future consumer demand and needs for new 
services. In the present work the evolution of the market shares of the three companies that operate in the 
mobile telecommunication sector in Greece is studied adopting approaches from mathematical biology 
(Murray 2002). The model for estimating the evolution and forecasted equilibrium of the market shares is 
based on a mathematical model from biology, referred in the literature as Volterra-Lotka models of the growth 
of different species sharing a common environment (Volterra 1926, Lotka 1925). These types of models have 
also been first used by Goodwin (1967) in economics as models of nonlinear endogenous oscillations in 
business cycle theory. The authors have used a two-equation model to explain the dispersion of labour force 
in high-technology sectors in Greece across regions (Kalogiratou et.al., 2012).  
In this paper, we present a mathematical model with three rival companies i.e. Cosmote, Vodafone 
and Wind that are the three mobile telecommunication companies that operate and offer services in Greece 
and investigate the possible equilibrium points as well as their characterisation in terms of stability in the 
market shares. In Section 2, the mathematical model is developed for n firms and the application for the 
triopoly case is also presented, in Section 3 the data used are described and the estimation of the model is 
presented. Finally, Section 4 concludes and proposes topics for further work.  
2. The mathematical model 
Differential equations are a suitable tool in order to model the time evolution of economic, financial 
or social systems. A system of first order ordinary differential equations (ODEs) is of the form 
 
 
 
where  for  are functions of time. 
The first derivative  describes the rate of change of the component , although in most cases 
we are interested in the proportional change  thus we shall consider systems of ODEs of the special 
form  
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. 
 
Additionally we shall considered the case where the functions  are linear 
 
 
 
This is the case for the Volterra-Lotka models used in the literature for the description of interacting 
populations in mathematical biology.  
3. Numerical estimation of the coefficients. 
We shall consider the three species case where each specie represents a telecommunication company i.e. 
 is the market share in terms of the number of subscribers of Cosmote, Wind and Vodafone, 
respectively, Cosmote is the market leader with Vodafone being the first follower: 
 
 
 
This model is used in order to estimate the parameters  and  using data from 1999 to 2011. Let 
 denote the value of the function  at time . These observations are known and we want to 
approximate them with the functions . The most common approximation is least squares 
approximation and in this case we have a nonlinear least squares problem that can be solved by an iterative 
method such as Gauss-Newton or Levenberg-Marquard.  
Suppose that we have observations at times  the quantity to be minimized is: 
 
  
Here the approximating functions are not defined explicitly but as the solutions of a system of 
differential equations. In the mathematical literature this is the problem of parameter estimation in ordinary 
differential equations (Williams et. al. 1993, Gonin et.al. 1989).  
For the computation, the MATLAB Optimization Toolbox is used (the nonlinear least squares 
function lsqnonlin) and the system of ODEs is solved numerically using the classical forth order Runge – 
Kutta method (Butcher 2008). Nonlinear optimization methods are iterative methods and need an initial 
estimate of the parameters and might only give local solutions.  
In previous work (Kalogiratou et.al. 2012) the authors transformed the nonlinear problem into a set 
of linear least squares problems, one for each component. In this work we solve these linear problems in order 
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to derive an initial estimate for the parameters to be used for the nonlinear method. Substituting the data we 
have: 
 for .  Let the following finite difference approximation to the derivatives 
 
  
the corresponding linear least squares problems are ( )  
 
 
 
For the estimation of the coefficients the OLS method has been used with a data set of market shares 
from the Greek National Telecommunications Authority and World Development Indicators (2012). The 
period used is from 1999 to 2011. The choice of this period was made because Cosmote, the largest company, 
has started offering services in the Greek market on 1998. The coefficients are statistically significantly 
different from zero at 5% level of significance and the F-statistic had a value of 5.00 to 6.59 and it was 
statistically significant at 5% level. Serial correlation in the residuals was not present (Breusch-Godfrey Serial 
Correlation LM Test) and Radj2 was in the range of 0.53 to 0.61. The values of the coefficients from the linear 
problems are the following: 
 
  Using these coefficients as an initial estimate the new coefficients derived from the nonlinear problem; they 
are the following: 
 
  
382   Zacharoula Kalogiratou et al. /  Procedia Economics and Finance  5 ( 2013 )  377 – 385 
From the coefficients b1, b2, and b3, that all have positive values it is seen that the increase in the 
market shares of the three companies is proportional to the market size of each company. For Cosmote this 
coefficient is about 0.18 showing that the market size is more important in the increase of its market share for 
this company in relation to the other two (for Vodafone the value of the corresponding coefficient is 
approximately 0.09 and for Wind is 0.08). 
The proportional change  of Cosmote (i=1) market of share depends positively on the 
market share of Wind and negatively from the size of Vodafone. The proportional change  of 
Vodafone (i=3) market share depends positively on the market share of Wind and negatively from the size of 
Cosmote. Finally, the proportional change  of the smallest company, Wind (i=2,) market share 
depends negatively on the market share of the two other companies. 
The plots of the functions  for the parameters derived from the linear and nonlinear 
least squares as well as the actual values are given in Figures 1 and 2, respectively.  
 
Figure 1: Linear model. Observed versus fitted values (NW: Cosmote, NE: Wind, SW: Vodafone, SE: 
Mobile Telecommunications Sector)  
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Figure 2: Nonlinear model. Observed versus fitted values (NW: Cosmote, NE: Wind, SW: Vodafone,  
SE: Mobile Telecommunications Sector). 
 
 
 
Figure 3: Nonlinear model. Long term behaviour. Observed versus fitted values  
(NW: Cosmote, NE: Wind, SW: Vodafone, SE: Mobile Telecommunications Sector). 
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The long-run equilibrium point is found to be: 
 
  
An equilibrium point is characterized by the condition  In order 
to find the equilibrium points the system of equations is solved: 
 
 
 
The equilibrium points are characterized as stable on unstable by the behavior of the eigenvalues of 
the Jacobian matrix. Stability is ensured if all the eigenvalues have negative real parts. Following the analysis 
in Kalogiratou et.al. (2008 p.451) there are eight equilibrium points: all companies cease to exist, one 
company cease to exist and the sector becomes duopoly, only one company survives and the sector becomes a 
monopoly or all three companies survive (case of peaceful coexistence). From the coefficients derived here 
we see (Figure 3) that in the long run only Cosmote will survive and this equilibrium point is stable, since all 
eigenvalues of the Jacobian matrix are negative real numbers. 
 
4. Conclusion  
Mathematical models of competing species defined by ordinary differential equations are considered 
to construct a model for analysing the mobile telecommunication sector in Greece. Analysis of the points of 
equilibrium is given in an application of the model using data on market shares in terms of the total number of 
customers of the three companies, for the period 1999-2011. The findings suggest that the proportional 
change in the market share of the two largest companies, Cosmote and Vodafone, depends negatively on the 
market share of each other and positively on the market share of the smallest company, Wind. The 
proportional change in the market share of the Wind, depends negatively on the market share of the two 
largest companies. In the long-run it was found that the market shares tend to the stable equilibrium point 
where only Cosmote, the largest company in the market, will survive. Further work will be pursued to model 
the sector in terms of sales and profits.  
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